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Finite Element Analysis of
Thermoelastic Damping in
Contour-Mode Vibrations of
Micro- and Nanoscale Ring, Disk,
and Elliptical Plate Resonators
Thermoelastic damping in contour-mode in-plane vibrations of rings, disks, and elliptical
plates is investigated on various size scales, using a reduced finite element formulation.
The Fourier scheme is applied to the axisymmetric geometries including circular rings
and disks, and is found to be remarkably efficient in searching solutions. The numerical
accuracy is further improved by the implementation of quadratic interpolation functions.
The computational results are validated by comparing with the commercial software
packages as well as the existing analytical solutions in literature. For resonators of
elliptical shapes, the dominant frequency has a weak dependence on the geometric aspect
ratio �, whereas the effect of � on the quality factor (Q value) is much stronger and the
peak Q value of the leading mode consistently occurs in the vicinity of ��1.42.

�DOI: 10.1115/1.4001506�
Introduction
Over the past decade thermoelastic damping has been an active

esearch area in design, optimization, fabrication, and testing of
icroelectromechanical systems �MEMSs� and nanoelectrome-

hanical systems �NEMSs� against internal energy dissipation
1,2�. Although the mechanism of thermoelastic damping was ex-
lained long time ago by Zener �3�, the modern application of the
heory to micro- and nanoscale resonators should be attributed to
ifshitz and Roukes �4� who successfully predicted the ther-
oelastic damping dissipation in simple beam resonators. Recent

esearchers extended the method to other related problems, both
nalytically �5� and numerically �6�. Meanwhile a number of prac-
ical techniques were suggested for minimizing the thermoelastic
amping �7�. It has been noticed that Wong et al. �8� studied the
esonance of MEMS gyros, which was the first time an axisym-
etric system was analyzed. Later, Sun and Tohmyoh �9� inves-

igated the circular plate resonators, but their work was restricted
o out-of-plane vibration modes. A more comprehensive study on
isk resonators was performed by Hao �10� who presented some
nteresting results on the contour-mode vibrations of circular thin-
late resonators. The analytical methods and classical theories of
lasticity were applied to derive the generation rate of thermal
nergy per cycle of vibration, from which the quality factor was
uccessfully determined. In Hao’s work, although the methodol-
gy itself was based on a sound groundwork, some of the key
esults on the quality factor have been found about an order of
agnitude higher than those predicted by the commercial codes

nd other methods, and therefore are somehow misleading. A re-
isit of the problem using a more systematic approach is therefore
ecessary.

In addition, the analytical approach is restricted to beams or
xisymmetric structures such as circular disks with homogeneous
oundary conditions. Recent advances in the NEMS and MEMS
echnologies, however, enable thin-plate resonators operating in
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their elliptical vibration modes �11,12�. Future extension of the
technology may directly involve the fabrication of elliptical plate
resonators. A comparison between the performances of circular
disks and noncircular plates will become important for optimal
designs. The finite element method is a suitable tool for this pur-
pose. In general, the advantage of the finite element method over
the analytical approach lies that there is no restriction on the com-
plexity of device geometries, boundary conditions, and the load-
ing methods. For example, more complex geometries containing
vent sections and thin film deposition can be handled in the same
way. These sections and thin layers can prevent the heat flow
across the device or minimize the surface tractions, and therefore
it is expected that they will reduce the thermoelastic energy dis-
sipation.

Employing a commercial software package such as COMSOL

�13� is an obvious solution. However, in these commercial codes,
the solution algorithm is typically based on the general-purpose
complex eigenvalue solver that involves an iteration scheme, and
therefore an initial guess of the solution is often required as an
input. In fact, for this particular application, there exists a more
efficient method, which was already elaborated in the author’s
prior works �14,15�. These works were focused on the out-of-
plane flexural-mode vibrations; however, the analytical approxi-
mations showed that the in-plane contour-mode vibrations have
much different key characteristics. It is therefore natural to extend
the method to the contour-mode vibrations. In addition, the previ-
ous work showed that using linear finite elements often gave rise
to unsatisfactory numerical accuracy and efficiency �16�. In the
current research, we aim to establish a method based on the non-
linear interpolation functions to achieve a better numerical perfor-
mance. We will start from simple beam systems then extend the
method to rings, disks, and elliptical plates.

2 Method

2.1 Governing Differential Equations. A key design param-
eter of a resonator is the quality factor or Q value �Q-factor�. It is
crucial that the resonator vibrates at the desired frequency and that

it requires as little energy as possible to maintain its vibration at
that frequency. The Q value is essentially a measure of the sharp-
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ess of the vibrational spectrum’s peak �17�. To define this key
arameter, we need to compute or measure the energy loss per
ycle �W, and compare it to the total stored kinetic energy W; i.e.,

Q =
2�W

�W
=

�

2�
=

�

��
�1�

here � is the natural frequency, � is the exponential damping
actor �namely, the decaying rate of oscillation in time �t�, and ��
s the half power width of the spectrum.

In the theory of thermoelasticity, the relation between the me-
hanical stress � and strain � is given by

� = D�� − �t� �2�

here � is the elastic strain without thermal effects and �t is the
hermal strain. D is the 6�6 elasticity matrix, and all stresses and
trains are denoted with second-order tensors consisting of x, y,
nd z normal components followed by the x-y, y-z, and x-z shear
omponents.

In the theory of dynamics and vibration, the equation of motion
s established on the basis of the following force equilibrium:

�
�2u

�t2 = � · � �3�

here � is the material density, u is the displacement vector, and
is the stress tensor.
The corresponding thermal problem is governed by the heat

iffusion equation as follows:

�cp

�T

�t
− � · �k � T� = q̇ �4�

here cp is the specific heat capacity, k is the thermal conductiv-
ty, and q̇ is the heat source—namely, the heat generation rate per
nit volume. In thermoelastic damping, the heat source comes
rom the thermoelastic heating, which for an isotropic material has
he explicit form

q̇ = −
E	T0

�1 − 2
�
� �̄

�t
�5�

here E is Young’s modulus, 	 is the coefficient of thermal ex-
ansion, 
 is Poisson’s ratio, T0 is the initial temperature, and �̄ is
he dilatation strain defined by

�̄ = �x + �y + �z = � · u �6�
or the two-dimensional plane stress condition, the stress compo-
ent �z vanishes. From Eq. �2� it follows

�z =
E

�1 + 
��1 − 2
�
�
�x + 
�y + �1 − 
��z − 	�T − T0��1 + 
�� = 0

�7�
herefore,

�z = −



1 − 

��x + �y� +

1 + 


1 − 

	�T − T0� �8�

ubstituting this into Eq. �5� yields

q̇ = −
E	T0

�1 − 2
��1 − 
���1 − 2
�
���x + �y�

�t
+ �1 + 
�	

�T

�t
� �9�

2.2 Finite Element Formulations. We assume an exponen-
ial perturbation solution �18,19� of the form

T − T0 = R�ebt��

u = R�ebtU� �10�

bt
u� = R�e V�

here R represents the real part of a complex number, b is the
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complex exponential growth rate, and u� is the velocity vector.
By discretization, the heat diffusion equation can be written in

the matrix form as

�K + bH�� + bFU = 0 �11�

where K, H, and F are coefficient matrices; � is the nodal tem-
perature; and U is the nodal displacement. In the above equation,
the dilatation strain is related to the nodal displacement via the
following consideration:

� = BU �12�

where B is a coefficient matrix determined by the element shape
and the interpolation function. Accordingly the matrix equation of
motion is given by

LU − G� + bMV = 0 �13�

where L, G, and M are coefficient matrices, and V is the nodal
velocity.

In addition to the above matrix equations, there exists an intrin-
sic relationship between the displacement and velocity perturba-
tions as follows:

V = bU �14�

This is due to the fact that the velocity is the first derivative of the
displacement.

2.3 Eigenvalue Equation. Combining Eqs. �11�, �13�, and
�14� yields

	− K 0 0

G − L 0

0 0 I

��

U

V
� = b	H F 0

0 0 M

0 I 0

��

U

V
� �15�

where I is an identity matrix. This is a standard eigenvalue equa-
tion. The eigenvalue in the equation is the growth rate b and the
eigenvector is �� ,U ,V�T. It is important to note that by formu-
lating the velocity field as a perturbation component independent
of displacement, the originally quadratic equation is now reduced
to a first-order eigenvalue problem; therefore the computational
effort has substantially been reduced.

In the above eigenvalue formulation, the quality factor of the
vibration can be related to the eigenvalue b as follows:

Q = 
 I�b�
2R�b�


 �16�

where R�b� and I�b� represent the real part and the imaginary
part of b, respectively. Since the coefficient matrices in Eqs.
�11�–�13� were already presented in the prior work �15�, the de-
tailed derivations are omitted here for brevity. The entire finite
element algorithm has been incorporated in a customized MATLAB

code bundle that integrates the preprocessing procedure, eigen-
value solver, and postprocessing procedure.

2.4 Axisymmetric Problems. For a three-dimensional annu-
lar ring or disk problem, the formulation of the eigenvalue equa-
tion is essentially the same as above. However, the plane stress
assumption will be removed and all three degrees of freedom will
be taken into consideration. The finite element discretization is
performed on the cross sectional domain only; therefore, it sub-
stantially reduces the computational effort. The solution to the
problem is a function of the prescribed Fourier number �namely,
the number of the circumferential waves m�; therefore this method
can be called as the Fourier method. To simulate the in-plane
contour motion, the boundary is constrained on the bottom surface
of the ring/disk along the axial direction and hence only the radial
motion is allowed for the bottom nodes. The other surface is
traction-free, thus equivalent to the plane stress situation in the
two-dimensional model. Again, the detailed derivations of the rel-

evant elemental matrices were already presented in the author’s
prior work �14�, and therefore they are omitted here for brevity.
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2.5 Construction of Quadratic Finite Elements. For the
ectangular elements used in the analysis, we assume the nine-
ode nonlinear plain stress element type with the quadratic inter-
olation functions �20� defined by


1 = ��2 − ����2 − ��/4


2 = �1 − �2���2 − ��/2


3 = ��2 + ����2 − ��/4


4 = ��2 − ���1 − �2�/2


5 = �1 − �2��1 − �2� �17�


6 = ��2 + ���1 − ��/2


7 = ��2 − ����2 + ��/4


8 = �1 − �2���2 + ��/2


9 = ��2 + ����2 + ��/4
here � and � are the local coordinates inside the rectangle. For

riangular elements, we assume the six-node nonlinear element
ype with the quadratic interpolation functions defined by


1 = L1�2L1 − 1�


2 = 4L1L2


3 = L2�2L2 − 1�
�18�


4 = 4L2L3


5 = L3�2L3 − 1�


6 = 4L1L3

here Li �i=1,2 ,3� are the area coordinates of a triangle.

Results and Discussions

3.1 Validation of the Method for Beams. Since the ther-
oelastic damping solutions for the flexural-mode vibrations of

eams were widely reported in literature, it is natural to use the
xisting beam solutions to validate the model developed in the
urrent work as the first step. As opposed to the linear elements

ig. 1 Convergence test for the resonant frequency of
exural-mode vibrations of simply supported beams using
oth linear and nonlinear elements
sed in the prior research �15�, quadratic finite elements have been
mplemented here for the first time.
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Shown in Figs. 1 and 2 are the convergence tests for the reso-
nant frequency and Q value using both linear and nonlinear ele-
ments in the flexural-mode vibrations of simply supported beams.
Polysilicon properties listed in Table 1 were assumed. The beam
length is 200 �m and its thickness is 10 �m. Poisson’s ratio 

was set to zero so that the results can be compared to the LR
solution �i.e., Lifshitz and Roukes’ analytical solution �4��. Clearly
the linear triangular elements converge very slowly. Using 101
nodes along the length, there is a 24.7% deviation for the fre-
quency and 55.7% deviation for the Q value. The linear quadri-
lateral elements give a better solution: For a beam of 101 nodes
along the length, the results are quite close to the exact solution.
However, a total node number of less than 50 may lead to a much
appreciable numerical error. In contrast, the quadratic elements
result in a much faster convergence speed. In both Figs. 1 and 2,
the curves for quadratic elements almost remain horizontal
throughout the entire range of the node number. When the node
number is greater than 30, there is virtually no difference between
the two solutions. In fact, with only 13 nodes along the beam
length, the result is different from the LR solution by less than 1%
for the frequency and less than 2% for the Q value. As a conse-
quence it has proved to be much more efficient using the quadratic
elements than the linear elements in the current model.

To further validate the approach, the dynamic responses of a
beam have been determined as functions of the beam thickness
and compared with the LR solution. In Figs. 3 and 4, the param-
eter � is defined by

� = h��0�cp

2k
�19�

where for a simply supported beam, the first undamped natural
frequency �0 is

Fig. 2 Convergence test for the quality factor of flexural-mode
vibrations of simply supported beams using both linear and
nonlinear elements

Table 1 Material properties of polysilicon

Young’s modulus �Pa� 1.57�1011

Poisson’s ratio 0.22
Thermal expansion coefficient �K−1� 2.6�10−6

Thermal conductivity �W m−1 K−1� 90
Specific heat �m2 s−1� 700
Density �kg /m3� 2330

Temperature �K� 300
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�0 = 2.8491
h

L2�E

�
�20�

n which h is the beam thickness and L is the beam length. Both
inear and quadratic triangular elements have been compared in
he figure. The node number in the length was maintained as 51
or both element types involved. From Fig. 3, clearly the results
btained from the quadratic elements are almost identical to the
R solution, except for large �, or large beam thickness, where the
eam theory �namely, the theory based on the assumption that the
lane sections remain plane� does not rigorously apply. In con-
rast, the linear elements yield much poorer solution, especially
or small beam thicknesses. Figure 4 tells the same story; i.e., the
uadratic elements result in a much better solution than the linear
lements for predicting the Q value. For example, at the lowest
oint on the curve, which is located at �=2.2246, the Q value
redicted by the linear elements is approximately 31.7% higher
han the LR solution or the result predicted by the quadratic ele-

ents.

3.2 Circular Disks. After the methodology was validated for
exural-mode beam resonators, it was then implemented in the
ontour-mode vibrations of circular disks. For consistency the
ame polysilicon material properties have been assumed here. The
omputational results were first compared to the multiphysics
ommercial package COMSOL. In the COMSOL model, both a full

ig. 3 Comparison of the resonant frequency „as a function of
eam thickness… between the finite element model and the LR
olution for the flexural-mode vibrations of simply supported
eams

ig. 4 Comparison of the quality factor between the finite ele-

ent model and the LR solution for the flexural-mode vibra-

ions of simply supported beams

41015-4 / Vol. 132, AUGUST 2010
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disk model and a quarter disk model were constructed to compute
the resonant frequency and Q value. The quarter model was sub-
jected to symmetrical boundary conditions on the two straight
edges for improving the computational efficiency. The disk radius
was set to 43 nm and m was set to 2, which were consistent with
the parameters used in Hao’s paper �10�. Both COMSOL models
yielded the frequency 45.59 GHz and the Q value of 3.956
�105. In Figs. 5 and 6, the predicted results are shown by using
the linear and quadratic Fourier elements constructed on the cross
sectional plane of the disk. The results are expressed as functions
of the radial node number. The node number in the thickness
direction was set to three so that there were two elements through
the thickness in the linear model and one element in the corre-
sponding nonlinear model. For the computed frequency, both lin-
ear Fourier elements and quadratic Fourier elements converge to
45.59 GHz. Apparently, in view of the convergence speed, the
latter element type performs much better than the former one.
With only three nodes along the radius, the quadratic Fourier
model is capable of yielding a result very close to the exact solu-
tion. In more general, ten radial elements are sufficient for a sat-
isfactory numerical accuracy. For the Q value result as shown in
Fig. 6 we can draw the same conclusion: The predicted Q value
converges to the COMSOL solution for both types of elements but
the quadratic model converges much faster than the linear model.
On the other hand, it implies that Hao’s analytical solution on the
Q value �1.605�106� is about an order of magnitude higher than

Fig. 5 Convergence test for the resonant frequency of the
contour-mode vibrations of circular disks using both linear and
nonlinear Fourier elements „r=43 nm, m=2…

Fig. 6 Convergence test for the quality factor of the contour-

mode vibrations of circular disks using both linear and nonlin-
ear Fourier elements „r=43 nm, m=2…
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he correct solution, and therefore is erroneous for some unknown
easons.

In the next step the axisymmetric Fourier model has been used
o study the effect of the disk radius, and the results are presented
n Figs. 7 and 8. The first three resonant modes corresponding to

=2, 3, and 4 are investigated for comparison. In Fig. 7 we can
ee that the frequencies monotonically decrease with the radius. In
ig. 8, the minimum Q values on the curves are located in the
icinity of r=43 nm, 53 nm, and 65 nm for m=2, 3, and 4,
espectively. These locations agree with Hao’s results very well
lthough the corresponding Q values are consistently about an
rder of magnitude lower than Hao’s results. A closer inspection
n the curves also reveals that there are crossovers among the
urves for small radii. For example, the Q value for m=4 is higher
han that for m=3 when r=5 nm. This type of crossover is not
een in the figures presented in Hao’s paper.

3.3 Circular Rings. The same model was also used to com-
ute the results for the contour-mode vibrations of circular rings
nstead of disks. First, the ring model was compared to the results
btained by Wong et al. �8�. Their approach was based on the
nalytical method and the fundamental beam theory was em-
loyed; thus Poisson’s ratio was absent in their formulations. By
sing the silicon properties assumed in their paper and setting 

0, the ring model based on the Fourier finite element scheme has
een established and the results were found very close to Wong’s
olutions �as shown in Table 2�, therefore further validate the Fou-
ier model developed in the current work.

ig. 7 Frequency of the leading mode of contour-mode vibra-
ion of circular disks as a function of disk radius
ig. 8 Quality factor of the leading mode of contour-mode vi-
ration of circular disks as a function of disk radius
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A parametric study was then performed based on the geometric
data used in Hao’s model. The outer radius of the ring was fixed in
all cases and the inner radius varied between the outer radius and
zero value. The results were found to be dependent on the ratio of
the inner and outer radii Ri /Ro. From Figs. 9 and 10 it is seen that
while the frequency monotonically decreases with Ri /Ro, there is
a lowest point of the Q value. For example, when Ro=43 nm and
m=2, the minimum value is located in the vicinity of Ri /Ro
=0.35.

3.4 Elliptical Thin Plates. Finally, the analysis was extended
to polysilicon elliptical thin plates, in which the Fourier scheme is
no longer applicable because of the presence of the geometric
asymmetry. A quarter disk model with symmetrical boundary con-
ditions was developed with the element type being plane stress
quadratic triangles. To validate the approach, the plane stress
quarter model was first tested for a circular disk of radius 43 nm

Table 2 Comparison of quality factor for contour-mode vibra-
tion of silicon rings when m=2

Radius
�mm�

Radial thickness
��m�

Q value
�Wong’s solution�

Q value
�current work�

5 160 1.026�104 1.025�104

3 120 1.075�104 1.074�104

3 80 1.365�104 1.364�104

2 60 1.415�104 1.414�104

2 40 4.137�104 4.133�104

Fig. 9 Frequency of the contour-mode vibration of circular
ring as a function of Ri /Ro
Fig. 10 Quality factor of the contour-mode vibration of circular
ring as a function of Ri /Ro
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nd compared to the validated Fourier model. Shown in Fig. 11 is
he dominant eigenmode pattern along with the triangular finite
lement meshes. The model was discretized into either a free
esh using Delaunay tessellation or a regular mesh involving re-

eated patterns in both radial and tangential directions. The two
eshes yielded almost identical results for the frequency �45.59
Hz� and the Q value �3.956�105�. These values agree very well
ith the results obtained from the Fourier model and the COMSOL

odel. For elliptical plates, the key parameter is the aspect ratio
�� of the geometry, which is defined by the ratio of the major axis
ength to the minor axis length. While varying the aspect ratio, the
rea was maintained the same so that the results were comparable
o those of circular disks. From Fig. 12 it is seen that the fre-
uency response has a mild dependence on the aspect ratio. For
xample, when the mean radius is 20 nm, the resonant frequency
hanges from 98.3 GHz to 70.4 GHz when � is varied between 1
nd 3. The maximum variation in the frequency is less than 30%.
he Q value, however, has a much stronger dependence on the
spect ratio, which can be seen in Fig. 13. The peak Q value of the
eading mode can be 20 times higher than the minimum value on
he curve. On the other hand, both frequency and maximum Q
alue decrease with the mean plate radius. Another interesting
nding is that the peak value consistently occurs at �=1.42 re-
ardless of the mean radius. The drastic change in the dominant Q
alue could be closely related to the migration of the leading
ode pattern. Figure 14 displays the temperature distributions in

ifferent eigenmode patterns corresponding to �=1.42, whose fre-
uencies and Q values are tabulated in Table 3. In some modes,
he oscillation in the temperature field occurs along the major
xis; in some modes, however, the variation is along the minor
xis; in the remaining modes, the variation is along both direc-
ions. It is seen from Table 3 that the neighboring modes have
lose frequencies but the leading mode has a significantly higher

value compared to other modes. When the aspect ratio changes,
n originally higher-order mode pattern will alter its frequency

ig. 11 Two-dimensional plane stress finite element model for
he contour-mode vibration of circular plates: „a… free mesh, „b…
attice mesh, and „c… the dominant eigenmode
ig. 12 Frequency as a function of geometric aspect ratio in
he contour-mode vibration of elliptical plate resonators

41015-6 / Vol. 132, AUGUST 2010
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and may become dominant, therefore significantly reduce the Q
value of the leading mode.

4 Conclusions
The energy dissipation related to thermoelastic damping has

been studied for the contour-mode vibrations of rings, disks, and
elliptical plates on various size scales. The key contributions of
this research are �1� extension of the Fourier reduction method to
the contour-mode vibrations of axisymmetric resonators, �2� ap-
plication of the higher-order elements for improving numerical
efficiency, and �3� quantitative investigation of thermoelastic
damping in elliptical plates.

Customized finite element codes written on the MATLAB plat-
form have been developed to solve the governing thermoelastic

Fig. 13 Quality factor as a function of geometric aspect ratio
in the contour-mode vibration of elliptical plate resonators

Fig. 14 Dominant mode patterns in the contour-mode vibra-
tion of elliptical plate resonator of aspect ratio 1.42

Table 3 Dominant modes of polysilicon elliptical resonator of
mean radius 43 nm and aspect ratio 1.42

Mode No.
Frequency

�MHz� Q value

1 4.375�104 1.885�106

2 6.460�104 2.499�104

3 8.233�104 2.677�104

4 9.305�104 3.149�104

5 1.240�105 4.215�104

6 1.384�105 1.145�104

7 1.415�105 2.106�104

8 1.623�105 6.078�104
9 1.696�105 2.563�104
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nd dynamic matrix equations. The computational results on some
imiting cases are compared to the analytical results found in lit-
rature. It has been found that using nonlinear elements can sig-
ificantly improve the numerical accuracy. The application of the
ourier reduction scheme has greatly simplified the circular disk
nd ring models. With only three nodes in the radial direction, the
onlinear Fourier model yields a result very close to the exact
olution. For elliptical plates, plane stress two-dimensional mod-
ls have been developed to study their in-plane vibration modes. It
s found that the plate aspect ratio has a relatively weak effect on
he resonant frequency of the leading contour mode; however, its
ffect on the Q value is much more significant. In addition, the
eak Q value occurs consistently in the vicinity of �=1.42. Fi-
ally, this research has discovered and remedied some erroneous
esults related to thermoelastic damping in circular thin disks that
ere previously reported in literature.

omenclature
b � exponential decaying rate

cp � specific heat capacity
D � elasticity matrix
E � Young’s modulus
h � beam thickness
k � thermal conductivity
L � beam length
m � circumferential wave number �i.e., Fourier

number�
q̇ � volumetric heat generation rate
Q � quality factor
r � disk radius
t � time

T � temperature
T0 � mean temperature
u � displacement

W � kinetic energy
�W � kinetic energy loss per cycle

	 � thermal expansion coefficient
� � aspect ratio of elliptical plate
� � exponential damping factor
� � total strain
�t � thermal strain
�̄ � dilatation strain
� � stress
� � density


 � Poisson’s ratio
� � natural frequency
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�0 � undamped natural frequency
� � shape function
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